ADAPTIVE MULTILEVEL INEXACT SQP-METHODS FOR
PDE-CONSTRAINED OPTIMIZATION
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Abstract. We present a class of inexact adaptive multilevel trust-region SQP-methods for the
efficient solution of optimization problems governed by nonlinear partial differential equations. The
algorithm starts with a coarse discretization of the underlying optimization problem and provides
during the optimization process 1) implementable criteria for an adaptive refinement strategy of the
current discretization based on local error estimators and 2) implementable accuracy requirements
for iterative solvers of the linearized PDE and adjoint PDE on the current grid. We prove global
convergence to a stationary point of the infinite-dimensional problem. Moreover, we illustrate how
the adaptive refinement strategy of the algorithm can be implemented by using existing reliable a
posteriori error estimators for the state and the adjoint equation. Numerical results are presented.
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1. Introduction. In this paper we introduce and analyze a class of adaptive
multilevel inexact sequential quadratic programming (SQP) methods for the solution
of nonlinear PDE-constrained optimization problems. Nowadays, adaptive discretiza-
tion techniques for partial differential equations based on a posteriori error estimators
are well established to obtain accurate solutions with considerably less grid points
than in the case of uniform meshes. In the context of optimization adaptive mesh re-
finement offers the potential to perform most of the optimization iterations on coarse
meshes and to approach the infinite-dimensional problem during optimization in an
efficient way.

We consider PDE—constrained optimization problems of the form

(1.1) yerlr/{bneUf(y,u) subject to  C(y,u) =0,
where U is the control space, Y is the state space, f : Y x U — R is the objective
function. The state equation C' : Y x U — V* , C(y,u) = 0 comprises a (system of)
partial differential equation(s) with appropriate initial and/or boundary conditions
in a variational formulation with V as the set of test functions. Here V* denotes as
usual the dual space of V.

It would be possible to include constraints on the control u in our approach
without significant changes. We leave this issue to a forthcoming paper.

We assume that Y and U are Hilbert spaces and that V is a reflexive Banach
space. Moreover, let f and C be twice continuously Fréchet differentiable.

Often, the PDE constraint is given by a variational formulation of the form

a(y;v) = b(u;v) VoveV.
In this case, C(y,u) is given by
C:YxU—-V* Clyu)=aly;")—blu;-) € V*.
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The proposed multilevel SQP-algorithm for (1.1) generates a hierarchy of finite-
dimensional approximations

(1.2) min  f(y",u") subject to CM(y",u") =0,

yh ey, uhel,
which result from conformal discretizations, e.g. by the finite element method, of
(1.1) on adaptively refined meshes. Our assumptions on the conformal discretization
will be made precise in section 2.

In this paper we develop an implementable adaptive refinement strategy based on
error estimators and combine it with an efficient inexact composite-step trust-region
SQP method inspired by [18, 28]. The resulting adaptive multilevel SQP-method
generates a hierarchy of adaptive discretizations (1.2), controls the inexactness of
iterative solvers on the current grid and refines the grid — if necessary — adaptively
in an appropriate way based on local error estimators, e.g. [1, 8, 9, 11, 30, 32],
to ensure convergence to the solution of the original problem (1.1). We will prove
global convergence under standard assumptions to a first—order optimality point of
the infinite-dimensional problem (1.1).

The major advantages of the multilevel approach are that most optimization iter-
ations are carried out on coarse meshes while the accuracy of the optimization result
is controlled, since the mesh adaptation is tailored to the needs of the optimization
method. This offers the possibility to obtain optimization results of high accuracy by
an effort of a few simulation runs.

In recent years, multilevel techniques in optimization have received considerable
attention [6, 7, 14, 15, 16, 23, 29]. These approaches focus on the efficient use of a
hierarchy of discretizations to solve an optimization problem on the finest grid. [6, 7]
consider multigrid solvers for the optimality system of PDE-constrained problems
without globalization, [7] studies such methods with control constraints and [6] with
state constraints. [15, 16, 23, 29] apply multigrid ideas in a recursive fashion for
optimization problems, the coupling with adaptive mesh refinement is not considered.
The rigorous combination of adaptive error control techniques and modern globally
convergent optimization techniques, which is the topic of this paper, was so far to the
best of our knowledge not considered. On the other hand, a posteriori error estimators
in the context of PDE-constrained optimization are an active research area [2, 3, 4,
20, 19, 24]. The rigorous imbedding of error estimators in multilevel optimization
methods was to the best of our knowledge not considered so far. Truncated Newton
methods in the presence of inexact function and gradient evaluations were studied in
[22], but the combination with error estimators was not considered. [26] proposes a
general algorithmic framework based on consistent approximations for optimal control
problems which deals with approximate function and gradient evaluations in steepest
descent algorithms. The accuracy control mechanism requires an error estimator for
the function and gradient value depending on a scalar mesh parameter and is very
different from the approach in this paper.

The purpose of this paper is to provide a rigorous framework for the combina-
tion of efficient and robust inexact SQP-methods with appropriate a posteriori error
estimators. For the solution of the auxiliary trust-region problems, our method offers
the possibility to use any kind of iterative solver, in particular the above mentioned
multilevel solvers.

The paper is organized as follows. In section 2 we describe the optimality con-
ditions and introduce our notations for the discretized problems. In section 3 we
start with basic notations and requirements for inexact SQP methods followed by
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a description of the basic components of our multilevel composite-step trust-region
SQP algorithm before we state the refinement criteria and the algorithm itself. The
convergence analysis can be found in section 4. In section 5 we show how the inexact-
ness in linear equation solves and how the decrease conditions can be satisfied in an
implementation. Averaging and residual based error estimators for a general semilin-
ear elliptic PDE with inexact states can be found in section 6. Numerical results are
presented in section 7.
We will often use the following notation: X :=Y x U,z = (y,u) € X.

2. Optimality conditions and discretization.

2.1. Optimality conditions. Let G, denote the Fréchet derivative of an op-
erator G w.r.t. a variable w, e.g. C, denotes the Fréchet derivative of the PDE-
constraint operator C' with respect to the state y. Throughout the paper we assume
that Cy(y,u) € L(Y,V*) has an bounded inverse. Let

(2.1) 1Y xUxV =R, Il(y,u,\) = f(y,u) + (A,C(y,u))v’v*

denote the Lagrangian function, where (X, C(y, u)>v,v* denotes the dual pairing. Note
that V** =V and thus A e V** =V.

Let (§,@) be an optimal solution of problem (1.1). Then the following first—
order necessary optimality conditions hold: There exists an adjoint state (Lagrange
multiplier) A € V' such that

(7,3, A\) = f,(5,@) + Cy(7,7)* X = 0,
(2.2) L(7,1,\) = fu(y,0) + Cyu(y,u)*X = 0,
C(y,u) =0

Thus, the adjoint state A is uniquely determined by A = —C,(y,a)~* f, (¥, u), since
Cy(y,u) has a bounded inverse.

2.2. Discretized problem. For simplicity we assume that problem (1.1) is ap-
proximated by a conformal finite element discretization. More precisely, let Y, C Y,
Vi, C V be finite element subspaces on a triangulation 7 of the computational domain
Q consisting of closed cells T'. The mesh parameter A is defined as a cell-wise constant
function by setting h|r = hp and hr is the diameter of T. The mesh 7}, is assumed to
be shape regular. Morover, we introduce a finite dimensional subspace Uy, C U of the
control space. Depending on the concrete situation there are different possibilities to
choose the space Uy. It is reasonable to set Uy, = U if U is finite dimensional. We set
Xh = Yh X Uh.

We assume that the discretized PDE-constraint C" : Y, x U, — V;* is given by
the conformal finite element discretization

(2.3) (Ch(yh,uh),vh)viyh = <C(yh,uh),vh>v*7v Vol e V.
The discretized optimization problem is then given by

(1.2) min  f(y",u") subject to C"(y",u") =0,
y”'EYh,uhEUh

and the Lagrangian function of the discretized problem by
.Y, x Uy x V), = R,
Py u A = ")+ (M)
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where the last identity follows from (2.3).
Similar to (2.2) the optimality conditions at a local solution (§",u") of the dis-
cretized problem (1.2) read with an appropriate Lagrange multiplier A" € V},

<ly(ghaﬂh75‘h)awZ>Y*,Y =0 VUIZ S Yh;
(24) <lu(gh7ﬂha5‘h)7w3>U*,U =0 VUIZ e Uy,
(@, a"),wh)y-y =0 Yuk € V.

For given (2", \") € X}, x V}, the residuals in the original optimality system (2.2) are
given by

||ly(xh>)‘h)||y* = Sup <ly(xh?)‘h)7wy>y*,Y7
wy €Y, ||wy ||y =1
||lu(xh7)‘h)||U* = sup <lu(xh7)‘h)7wu>U*,U7

wy €U, [Jwu [lu=1

sup  (C(z"),on)v- v,
va€V,|luallv=1

1™y

and the residuals of the discrete optimality system (2.4) by

Hly(xh7>‘h)||y;:‘ = R Sup <ly($h7Ah)7wZ>Y*7Ya
’LUyEYh,,HwZHyzl
1l (=", X |0z = sup (Lu(2", A", W) v v,
wh €Un,[[whllu=1
ICE")llv; = sup  {C@"),v})ve v

’UiLEVh,Hkavil

Note that the inequality [|C(z")|lv+ > [|C(z")||v;- always holds. We assume that
we are able to calculate norms in V}'.
By refining the meshes we can generate a hierarchy of approximations.

Derivatives of functions from the discrete problem will also be denoted by subset
variables, since by inserting the discrete values they can be defined via dual pairings
in infinite dimensions which can be calculated as a vector vector product, e.g.

(C@M) N wh) v v, = (Cy (™) AN wlt) ey

EXAMPLE 2.1. Consider the problem (Problem 7.1 in section 7.1)

: 1 2 a 2
min ,u) = 5|y — + 5 |u
yer D ae) fyw) = 5lly — vallz2 ) + S llullz2(q)
s.t. -Ay+yd=u in €,

y=20 on 09,

where Q C R? is a polygonal domain, ys € H}(Q) and o > 0. Here, the state equation
has to be understood in the weak sense, more presicely, the state equation is given by
the variational equation

/Q(Vy-Vv—i—y?’v —wv)dr =0 Yovec H}Q).

Therefore, we set Y =V = H} (), U := L*(Q), V = Y* and define
C:(y,u) €Y xUr—C(y,u) eV =YY",
<O(y7u)7v>v*,v = a(y;u) - b(ua ’U)7 v E ‘/7
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with
a(y;v) = /(Vy Vo + %) da, b(uyv) = / uv dx.
Q Q
The Lagrangian function is thus given by

l(yaua )‘) = f(yau) + <C(y7u)a )‘>V*,V = f(yau) + a(y; >‘) - b(uv )‘)

Now let Y, = Vi, CY and U, C U be finite dimensional subspaces. Then the confor-
mal discretization is given by

- ho,hy . Ly, h 2 hij2
e ) = 5ly" = yallza ) + Sllu" 72 @)
s.t. Ch iy, uhy =0,

where

Ch: (yh,u) e Yy, x Uy — Ch(y" ul) e Vi =Yy,
(CMy" u"), 0" v v, = aly™ ") = by 0" = (CM U v vy, 0" €V =Y

The discrete Lagrangian function I is just the restriction of |

Py ul A = FyPu) +ay™ A" = bl AP = 1(y" ul ).

3. A multilevel trust-region SQP algorithm.

3.1. Main components of our multilevel trust-region SQP algorithm.
In this section we give a brief introduction to trust-region SQP methods and intro-
duce the main components of our multilevel trust-region SQP algorithm. For further
information on trust-region techniques we refer to [12] and for inexact trust-region
techniques to [18].

In a classical local SQP method one minimizes a quadratic approximation of
the Lagrangian function [ in the current iterate (xf,A!') subject to the linearized
constraint. That is, one computes the next iterate IZH as IZH = .CCZ’ + s, where sg
solves the SQP-problem at (zf, \})

min qk(S) =1 + <(lx)k, 5>X*,X —+ %<57Hk5>X,X*
seXy
subject to Cff + (CM)s =0

with ot = (yi, ui), le = U, AD), (L) = Lo (2, AR), Hie ® Loa(@, A, CF = CT(a7)),
(Ch), = Ch(z}) and accordingly all other abbreviations throughout the paper.

Note that by the conformity of the discretization, see in particular (2.3), C,}; +
(Ch)rs = 0 is equivalent to [|C} 4+ (C)s|lv> = 0 and gx(s) can also be written in
terms of I, more precisely,

ae(s) =1+ (k. 8)x7 x5 + 5(5, His)x, x7-

Since it is helpful to view our algorithm as a method for (1.1) that works with a
hierarchy of adaptive discretizations, we will sometimes prefer to use [ instead of {”,
since " is only the restriction of I to the current subspaces.
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One way to globalize a local SQP-method is using trust-region techniques. The
idea is to trust the quadratic approximation of the Lagrangian funtion and the lin-
earized constraint only in a trust-region which is adjusted during the algorithm to the
quality of the approximations. Since the local SQP problem may become infeasible
when joining an additional trust-region constraint ||s|| < Ay for a trust—region radius
Aj > 0 one uses a step decomposition as suggested for example by Byrd, Omojokun
[10, 25] and Dennis, El Alem, Maciel [13]. Here the step sj is split into a sum of two
steps, the quasi-normal step s™ = (sZ, 0) to improve feasibility and the tangential step

s' = (s}, su) to improve optimality.

3.1.1. Quasi—normal step towards feasibility. First, we compute a quasi—
normal step s}, which is responsible for moving towards feasibility. Since we assume
that C;L(mh) is invertible, we perform the quasi—normal step only in the state variables.
The y—component of s} is an approximate solution of

mingey, [[(Chesy +Cllv;

3.1
(3.1) s.t. Is2lly < A,

and the u-component is given by s;; , = 0. Subproblem (3.1) is not solved exactly.
A rather coarse solution is sufficient to ensure basic global convergence. The quasi—
normal component is required to satisfy a Fraction of Cauchy Decrease condition

(3.2) ICRIE,: = I(Cyrsy + Ci I > mullCRllvyy min {2 ]| Ci vz, Aw}

for all k € N, where k1, ke € (0,1) are fixed constants independent of k and the grid.
It is well known, that for example the Steihaug-CG method or a truncated Newton
step, which is scaled back into the trust region if necessary, satisfies (3.2).

REMARK 3.1. Usually, there exists already an efficient iterative solver for the
linearized state equation (Cl)s?t + Cpt = 0. Then s} can be computed as an inezact
solution, which is scaled back into the trust region. See section 5.2 for more details.

3.1.2. Tangential step towards optimality. In a second step, the trust—
region SQP-algorithm computes a tangential step s! which is responsible for mov-
ing towards optimality but has to maintain linearized feasible, i.e. has to be in the
nullspace of the linearized constraints. Let ¢ be the quadratic approximation of the
Lagrangian function in (z}, A})

(3.3) ar(s) ==l + (o), $) x+ x + 3(s, Hps) x,x+

where Hj, is a symmetric approximation to the Hessian of the Lagrangian function in
(zh, A\l). We will assume that the sequence of approximated Hessians is bounded.
The tangential step is then an approximate solution of

mingex, qr(sy +st)
(3.4) s.t. (Cg)ksg + (Cﬁ)ksu =0,
[sullv < A

Note that the tangential equation in the constraint is a variational equation for test
functions from the finite element space V},. Consequently, the residual in the tangential
equation must be orthogonal on a basis of V3,. We can reduce g (s +s) to the control-
component s, of the tangential step s’ by solving the tangential equation

(3.5) (Cesh + (ClYksu =0,
6



i.e.

st = —(C)) H(Chksu

Y

Defining W}, by

Wy, = (—(C{J);I (03)’“) € L(Un,Ys x Up)

we obtain s = Wys, and we arrive at the reduced quadratic approximation of the
Lagrangian

(3.6) Qi (su) = an(sp) + (Wi (Hysy + (La)x), su) + 5 (su, Wi HeWasa).
Thus, we can write the tangential problem entirely in s,

ming Qk(su)
3.7 uEUh
( ) s.t. ||3u||U S Ak,

but have afterwords to compute s! by using (3.5).

Now we allow inexactness in the derivatives and the solutions of linear systems.
Instead of computing the reduced gradient by W} (Hys} + (Iz)r) we solve the adjoint
equation after the quasi-normal step on the current grid

(3.8) Ly(Tp A+ ANE) + (His}) () =0 in Yy

in the variable AA? sufficiently well (index (y) denotes the y-component) such that
the following accuracy condition is satisfied

(3.9

2y (ks Ak + AXL) + (Hiesi) vy < mamind [l (e, AR+ ANE) + (His) ) lug s Ak,

where Ay denotes the trust-region radius and k) > 0. A similar criterion was proposed
n [18]. We define the inexact reduced gradient QZ as approximation to the reduced
gradient of g by

(3.10) Gt = Lu(al, Al + AND) + (Hisi) (u)-

Any suitable iterative solver can be applied to the adjoint equation (3.8) until the
stopping criterion (3.9) is satisfied. It is then easy to show that there exists & > 0
such that

(3.11) g% — Wi (Hisp + Lo (2, ML)

vy < &min{||g; vy, Ar}-
Moreover, let Hj, be an approximation to the reduced Hessian W} H; W}, satisfying

(3.12) (Su.ks Hisu ) < Eollsunly

for all steps s, € Up, computed by the algorithm and some fixed £, > 0. Then we
define our approximate reduced quadratic approximation of the Lagrangian as

Mk (su) 7= q(7) + (91 su) + 3 (su> Hesu),
7



where s} denotes the quasi-normal step. And we compute s, as an approximate
solution of the inexact reduced tangential problem

ming, cp, Mk (Su)
3.13 wETh
( ) s.t. ||5u||U S Ak.

The approximate solution of (3.13) must provide a fraction of the Cauchy decrease in
the approximate model my, i.e.

(3.14) 110,(0) — 100 (Suge) > Kal|gp o= min {5 ]G0 ||vs, k6D } Yk €N,

where k4, k5, kg are positive constants independent of k and the grid.
The y—component of the tangential step is then given by

(3.15) st =—(C (Chksu k.

Since we allow linear system solutions to be inexact, solving this equation approxi-
mately creates the residual

(3.16) ri o= (Oh)ksy Lt (C’ VkeSu k-

Accuracy conditions on the residual in this tangential equation are presented in the
next section.

3.1.3. Derivation of the predicted decrease. To decide about the accep-
tance of the step we use the augmented Lagrangian merit function

L (2, N pw) == f(af) + (A} O/?>+Pk||cl}cl‘|%/;

The decision about the acceptance of the step and update of the trust-region radius
Ay is then based on the ratio of actual reduction aredy (s, px), given by

avedy, (s, pi) = Lu(z), \fs o) — L (2 + sy Ay on)

and predicted reduction based on the quadratic models in the quasi-normal and tan-
gential step

pred(si; pr) = Ln (2}, Al o) — (%(Sk) + (AN, (CPksk + CF) + prll(Cl sk + C;?H%/,;) ;

where A\, = /\k 11 /\k Since we solve the linear system for the y—component of the

tangential step (3. 15) inexactly with residual r} = (Ch)ksz i+ (CM)ysy. 1, we obtain

for s, = Sk + Sk, Sk: = ( y,kaSu,k)
pred(sg; pr) = Lh(rZ,AZ;pk) — qr(sk) — <A)‘ZvCI}¢L + (Ch)kSZQV,V*
- <A>‘kv7"§c>v7v* Pk Hck Ch)ksy kT TkHV* :

Since V' is not necessarily a Hilbert space we use the triangle inequality in the last
summand reducing the predicted reduction

pred(sg; pr) > Lz, M pr) — qi(si) <A)\ (Ch)ksy k>VV* <A)\k,rk>vw
2
= on (It +@slally, + Hmnw)
= Lh(l‘ka /\ka pk) - Qk Sk <A/\ (Ch)ksy k>V,V* <A>‘k’rk>vv*
~ Pk (Hck Oh)ksy k”v*

+2HC/€ Ch)ksy k“v*

Ty + HrkHV )
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Certainly the right hand side is not the same model of the actual reduction as before
(only if r;, = 0). But since we reduced pred(sy; pi) this will only lead to a stronger
requirement on the residual r}.

Note that

Ly (@}, A ox) = qr(0) + @k(0) — qr(sy) + prlCR I+

Now, the quadratic model g (sx) of the Lagrangian is replaced by the approximate
reduced quadratic model 1y (s,,x) and we define

predy, (S5, Su.k; pr) = M (0) — Mk (Suk) + qx(0) — qr(sy)
(3.17) = (ANE G+ (Cesya)yy -
+ px (ICRIR; = ICE + (s il )
and
rpredy, (rf; pi) = — (AL )y = PelITE T — 20 llrk v (G rsy i + Cllvz-
We now view
predy, (i, Suk; pr) + rpredy, (1; px)

as the (approximate) quadratic model of the actual reduction in the augmented La-
grangian.
REMARK 3.2. If V is a Hilbert space, then we obtain

ICF + (CHrsilli = (Ch + (Co)ksy i + 7 CF 4+ (C ks +T8)

= 1C% + (Cesy sl + M7kl +2 (ks CF + (Cy sy i)

and we can define rpred,, (rt; pr) more exactly as
rpredy (ri; o) = = (AN T8y e = pellrklIT: = 2 (rk CF + (Cy sy )y

which is larger than the above defined rpredy, (rt; pi).
Nevertheless, step evaluations are performed based on pred;, (s, sy x; px) only: If

aredp, (sk; pr)
predy, (8%, Su,k; Pk

2 nla
)

where n; € (0,1) is a given constant, then s, is accepted, otherwise sy, is rejected and
the trust-region is reduced. As in [18], the conditions

(3.18) |rpredy, (rf.; pi)| < mopredy, (sy, Su.k; o),
where 1o € (0,1 — 1) is a given constant, and
(3.19) Irkllv: < €7,

for some constant &5 > 0 independent of k and given p € (0,1] ensure that the inex-
actness in the tangential step sg i does not dominate the quadratic model. Inequality
(3.18) is implied by

(3.20) Irllve < =0 + (/o2 + nopred, (sp. suk: ox) /o
9



where o = [|(Cy)rsyy i + Ci vy + ANy / (208)-

REMARK 3.3. Since only the size of |rpredy,(rh; pr)| is of interest as seen in the
estimates (3.18) and (3.19), where this size depends on the residual accuracy of an
inexact solution of the tangential equation (3.15) the difference in the definitions of
rpred,, (rk; pi), whether V is a Hilbert space or not, is of no importance. However, the
acceptance of a trial-step depends on the ratio aredy,/pred;, and, thus, rpred, (rl; px)
is of no tmportance for that decision.

3.1.4. Update of the penalty parameter. We choose the penalty parameter
Pk so large such that for a given k € (0,1) the inequality
(3:21)  predy (st suni pr) = 5 (17 (0) — 1k (5u0))
k n
+ 2 (ICkI: = ICusy i+ CRIE; )
holds. Let 0 < v < 1 and k € (0,1). If (3.21) is satisfied with px, = pgr—1, then we set
Pk = pr—1. Otherwise, we choose the smallest pr > (1 + v)pr—1 that satisfies (3.21).

3.1.5. Update of the trust-region radius. Let 0 < ap < a1 < g, let
0<m <ne <1andlet 0 < Apin < Apax. We choose the trust-region radius as
follows:

(o0, o1 ] i e <
Appr €4 [max{Aumin, 01 Ak}, max{Amin, Ar}] if Dot € o)
[max{Amin, Ax }, min{max{Anin, 2 Ar}, Amax}] , if ;?icdii > 1.

3.1.6. Refinement of the grids. The main idea for refinement is to control
the infinite dimensional norms of the residuals in the infinite dimensional optimality
system by using the corresponding finite dimensional norms and the (discrete) norm
of the reduced gradient and the constraint. Thus, if the norm of the reduced gradient
or the constraint is large enough compared to the infinite dimensional counterparts,
the current discretization will be good enough to compute sufficient descent. On the
other hand, if the discrete norm of the reduced gradient and/or the constraint on
the current grid are small compared to the continuous norms, one has to ensure by
mesh refinement that the infinite dimensional problem and, in particular, the infinite
dimensional reduced gradient are well represented in the current discretization such
that reasonable steps can be computed. Observe that the inexact reduced gradient g
depends on the (inexact) state y} and the (inexact) adjoint A, + A)j. Therefore, the
residual norms of the infinite dimensional state- and adjoint equation must be con-
trolled. Since these residual norms cannot be computed directly, we will use reliable
error estimators instead.

We will give brief motivations for the different refinement criteria before we state
implementable versions using error estimators. Note that for Galerkin discretizations
V4, is the test function space corresponding to the discrete state space Y} and therefore
a refinement of Y}, implies a refinement of V}, and vice versa.

Error control for the discrete state equation. To control the accuracy of
the discrete state equation during optimization we refine the Y and V—grid adaptively
if necessary. As suggested above we require the following convergence condition on
the constraint

(3.22) ICE) v < allChllve + callgillos Yk € N,ap € X,
10



with fixed arbitrary constants ¢; > 1 and ¢y > 0.

REMARK 3.4. Note that this convergence condition for the constraint can only be
applied after the computation of the approxzimate reduced gradient (3.10) and, thus,
after the computation of the quasi-normal step. Since the discretized norms in Y7 and
V¥ change due to refinement, condition (3.2) needs to be checked for the prolongated s}
after a refinement of the grids. Moreover, the dimension of Vi, affects the computation
of the adjoint state and, thus, also the approximate reduced gradient. Consequently,
condition (3.11) has to be reviewed. Hence, if the prolongated s} does not meet (3.2),
then sp and Q,’; are recomputed on the refined grids, since the computation of Q,’g
depends also on s}. Otherwise, if the prolongated si meets (3.2), then gt only needs
to be recomputed if (3.11) does not hold for the prolongated gl.

After the computation of a succesful step on the current grid we need to verify
that the next iterate is also well represented on the current grid. That is, the dif-
ference of the discrete norm and the infinite dimensional norm of the constraint in
the next iterate may not become much larger. Otherwise we may have no decrease
in the infinite dimensional augmented Lagrangian function while having decrease in
the discrete augmented Lagrangian function Lj. In the convergence proofs we will
see that it is enough to require that the descent in the tangential step dominates a
worsening in the infinite dimensional norm of the constraint:

aredp (sk; px) = (1+0)pk ((IIC@Z +su)llYe — 1" @+ s0)lT, )

h(k)
~(ICE) 3 — IC"® @), )

h(k)

(3.23)

with 0 < § <« 1. If criterion (3.23) is not satisfied the Y- and V-grid need to be
refined properly such that the next iterate can be represented well. Thus, we check
after a succesful step if the current discretization was suitable to compute sufficient
descent. And, hence, this criterion guarantees suitable (adaptive) refinements. Note
that the norm differences in the right hand side of (3.23) are positive. Moreover, if
the grid is even better suitable for the next iterate than for the current iterate, then
the right hand side of (3.23) is negative.

Generally, if one refines reasonably, criterion (3.23) is always satisfied and, therefore,
does not need to be implemented.

However, in the case where the grids are refined infinitely many times and the maximal
meshsize h tends to zero (if the algorithm stays on one grid after some refinements
convergence follows from finite dimensional theory) condition (3.23) can be given in
the following way. Assuming that

oy D= IO - IO, — 0
ol + 1) = Ol + s} — 100 (@l + s}, — 0

for h(k) \, 0 as kK — oo, condition (3.23) can be formulated in a weaker version,
which is easier to implement. If the last term on the right hand side in (3.23) can be
estimated by an estimator B(z}, sx) > 0 such that

(3.25) alzy + sk) — alzy) = K(h,k)B(), si)

with unknown constants satisfying 1/K < K(h, k) < K, k € N, for some fixed K > 0,
then it suffices to verify the following criterion

(3.26) aredp (sk; pr) > fpkﬂ(mz, sk)%
11



for fixed w € (0,1) and & > 0. In fact, assumption (3.24) guarantees with (3.25)
and the uniform boundedness of K(h,k) from below and above that 3(zf,s;) <
(1 4+ 6)K /&)=Y (=) for k large enough which implies

(L+8)(a(zg+si)—a(ay) = (1+8) K (h, k) B(xf, si) < (1+8) KB (), sx) < EB(xfk, s1)”

and consequently (3.23). This way one does not need to know the constants K(h, k).
If the algorithm does not terminate after finitely many iterations and if the problem
is well conditioned in such a way that (3.24) holds, then after finitely many iterations
and refinements (3.26) implies (3.23) which suffices for the convergence proof.

An alternative criterion to (3.23) is the following condition

h(k+1 hk
(3.27) Zuc (@5 v — €O @ D)y < oo

h(k)

that originates from the jumps in the differences of the norms of the constraint due
to refinement of the meshes which shall be summable.

Nevertheless the convergence proof is given for criterion (3.23). A convergence proof
using condition (3.27) instead of (3.23) in the algorithm is very similar. Only a few
details in the proof of theorem 4.14 need to be adapted.

Error control for the reduced gradient and the discrete adjoint equa-
tion. To control the quality of the discrete adjoint equation and the discrete reduced
gradient during the optimization iteration we have to refine the U—grid and the Y-
and V—grid, respectively, if necessary. To control the error in the first optimality
condition Dyl (332, )\2) = 0, i.e. the adjoint equation, we apply a similar criterion as
for the state equation constraint. We use /\Z 1= /\h + A)\h as inexact solution of the
discrete adjoint equation (), A} ;) = 0 with A)\h from (3.8) and (3.9). Note that
using the computation rule of AN} and Lemma 4.1 together with our assumptions on
the boundedness it is easy to ShOW that

(3.28) 2y (ks M)y < €sllgi

for some &3,&, > 0. This justifies the choice of A\ 41 as inexact discrete adjoint state
since ||gp[lo: and ||C,};HV; tend to zero during the optimization. Thus, we require the
following convergence condition on the adjoint equation

(3.29) 1Ly (ks Ay < eallly (2, Xesa) v + e2 (1138

with fixed arbitrary constants ¢; > 1 and cp > 0.
For given Y}, and V}, it is often easily possible to choose U, C U in such a way
that

vr + &l Chllv;:

h
vy + ICklvyr)

(3.30) (@l N o = [l (i, AR)]

In this case the refinement of V}, implies the refinement of Uj, and there is no additional
criterion necessary for refining the control space.
EXAMPLE 3.5. Consider again the problem (Problem 7.1 in section 7.1)

Uy

: 1 _ 2 a 2
e e fyw) = 5lly = vallz2 o) + S llullz2(q)
s.t. —Ay+y®=u n Q,
y=20 on 082,

12



where Q C R? is a polygonal domain, o > 0. Then
(lu(xz,)\Zqu}U*,U = a(uh,wu)Lz(Q) — ()\h,wu)L2(Q) YVw, € U.

Therefore, if we choose U, = Vi, C V. C U then aul — \' € U, C U is the Riesz
representation of L, (x}, A\}) in U as well as in Uy, and therefore

L (i, AR

v =l = N 120y = [[lu (@}, A)lus -

On the other hand, if (3.30) does not hold then we require that the discretization
of the control space meets the following accuracy condition

(3.31) ||lu(mZ,/\Z+1)|

v < alllu(@, Ny )llus + e2(larllus + I1CE ve),

with fixed arbitrary constants ¢c; > 1 and co > 0. Note that using Lemma 4.1 together
with our assumptions on the boundedness it is easy to show that

(3.32) lu(@i My Dllos: < Ellarllos + &l Crllv,

for some &5,&6 > 0.

REMARK 3.6. Note that after a refinement of the Y — and V —grid for the adjoint
the discretized norms in Y} and V;* change. Thus, condition (3.2) is not necessarily
satisfied for the prolongated si that was computed on a coarser grid. Hence, possi-
bly, the quasi—normal step needs to be recomputed. In any case, the inexact reduced
gradient gy is recomputed.

Implementation of the refinement criteria with error estimators. As de-
rived above we need to implement the following refinement criteria with fixed arbitrary
constants ¢; > 1, k; > 0,i=1,2,3:

h(k ~h(k
lCEMv- < alley™ e+ kg™ v

h(k) h(k)
h(k ~h(k
Ity (@, New D) v+ < eallly (@i Nesn) v, + R (1CR P llvie, + 18Pl )
h(k ~h(k
(@ M)l < esllla (@l M) llog, + ks (ICE P lvie,, + 168 lloz,,,)

In general, infinite dimensional norms can not be computed. Therefore, we assume
that we have reliable error estimators nc s, mi,,n, M, ,n With

(3.33a) ICW" u)|lv- < Crnen(y" ut) + Co |IC* (", u)|lv
(3.33b) [y (" u", A |ly+ < Csmuy n(y", u, A) + Cu |1, (y" w”, A |y,
(3:33¢)  [lhu(y",u", X lu- < Cs iy n (v u", A + Co [ Lu(y", u, Al

with unknown, bounded constants C; > 0, ¢ =1,...,6, in such a way that n;, — 0 as
h — 0 for fixed yp, up, Ap. Such error estimators can be developed using the same
techniques as for well known error estimators in the presence of exact discrete states.
Examples for suitable residual based and averaging error estimators as well as their
derivation will be shown in section 7.

REMARK 3.7. For all error estimators in section 7 one can show that np, — 0
as h — 0, i.e. if the mazximal mesh size tends to zero. Therefore, the convergence
conditions (8.34) can always be satisfied by sufficient refinement.

13



Now we insert these error estimator inequalities (3.33) in the above given criteria.
Moreover, an algorithm will truncate for a given stop-tolerance €4, > 0. Since the
norms of the reduced gradient and the constraint may become much smaller than the
prescribed stop-tolerance in one (last) iteration we also include &4, in the refinement
formulas. Thus, we obtain the following implementable sufficient refinement criteria:

Check for arbitrary fixed constants ¢; > 0,¢=1,...,9, if

~ 1 ~h(k ~
(3.34a) noni (@) < max{e [y P llve  + el log,, 8 2o}
My (k) (xka /\k+1) <max{04|\l (xkv>‘k+1)”Yh X
(3.34b) *) ) ~
+ CS(HC ||Vh(k) + 1195 ||Uh(k)) C6 Etol |
M., h(k)(mka)‘k—&-l) <maX{C7||lu(fEk»>\k+1)||Uh x
(3.34c) ) * ) )
G v, + 195 oz, ) Coctor }

Otherwise refine the grids for Y}, k), Vi), Un(x), prolongate the functions and recom-
pute the affected data.

REMARK 3.8. With the choice of ¢s3,¢Cg,Co a different quality for the state and
the adjoint state than for the morms of the reduced gradient and the constraint can
be achieved in the stop-criterion of the algorithm. This is in particular of interest
when dependent on PDEs or domains an approximate size of the error estimators on
fine meshes (larger than e4o1) is known. Note that ¢, and éo affect directly how soon
meshes are refined.

Criterion (3.23) can be implemented in the form of (3.26) the following way. We
assume that we have an error estimator as in (3.33a)

IC(" u")llv+ < C1neu + Ca |ICM (" u")llv;e

with Cy = C2(h) — 1 as h \, 0 where 7¢, is an efficient and reliable error estimator
in the presence of exact discrete states. Then Cinen(Cine,n+2[C* (y", u")||v;+) may
be seen as good numerical approximation of

IO = IC" @)

for some bounded constant C;. Therefore, we can consider

ICEDIT = IC"@IT,, =K knen(@i) (Crnen(zk) + 21C" (=) vy,

IO DI — I @) R, = K (b Bnen (o) (Comen ()

+2C (@l )llvz,)

as residual estimator in the norm differences of the constraint with bounded constants
1/K < K(h,k) < K for some K > 0. Then 3(z}, sx) in (3.25) can be computed as

B, sk) =nen (@) (Cinen(@ie) +21C* @) vy,
—nen(@) (Cinep (@) + 2 C™ (@) vy )

h(k)

(3.35)

with appropriate choice of C;. Thus, condition (3.26) is implementable in a heuristical
version.

Note that using a residual based or averaging error estimator 7¢,;, condition (3.26)
with B(x}, sx) as in (3.35) still contains the important geometrical meaning that the
current grid must be good enough to compute and represent the next iterate.

14



Local refinement strategy. The local refinement strategy is based on elemen-
twise contributions to the error estimators

1/2
new() = <Z n?;,h,T(~)>

TeT),

1/2
My,.h () = (Z nfy,h,TC)) :

TeT),

Examples for suitable error estimators will be discussed in section 6. There exist
many local refinement strategies to select elements for refinement. Typical examples
for refinement strategies are refining the p% elements with largest local errors nc ()
or 1y, n,7(-) respectively, or refining where the local contribution to the error estimator
is larger than p% of the largest local error.

3.2. Multilevel trust—-region composite—step SQP algorithm. In this sec-
tion we state the common assumptions which are necessary for the convergence theory
and our multilevel algorithm.

3.2.1. Assumptions. Our convergence theory requires the set of assumptions
given below. For all iterations k we assume that xz, xZ + s, € D, where D is an open,
convex subset of X.

A.1. The functionals f, C are twice continuously Fréchet differentiable in D.
A.2. The partial Jacobians (C}))x and Cy(z") have an inverse for all 2" € D.
A.3. The functionals and operators f, fi, foz, C, (C"), C" are bounded in D.
The operators (C);" are uniformly bounded in D.
A.4. The sequences {Hy}, {W;} and {\}'} are bounded.
We will use the notation B, in the convergence theory as a bound for the norm || A||
for any quantity A that is bounded by the assumptions.

3.2.2. Multilevel trust-region composite—step SQP algorithm. We are
now in the position to state the complete algorithm.
ALGORITHM 3.9 (Multilevel trust-region composite—step SQP algorithm).

S.0. Initialization: Choose k € (0,1), 0 <v < 1, p € (0,1], p_1 > 1, st > 0,
O<ap< a1 <1l<ag,0<m<n<1,0<Ann<Anax, 0<n <1—mnq,
é1 > 1, G3,83 > 0, a starting grid denoted by index h, xf € X5, \} € Vi, and
A0 S [Amina Amax]-

Fork=0,1,2,...

S.1. Compute a quasi-normal step s} as inezxact solution of (3.1) satisfying (3.2).

S.2. Compute an inezact adjoint state M1\, +ANg by (3.8) satisfying (3.9) and
the inezact reduced gradient gy by (3.10).

S.3. If the refinement conditions (3.34b) and (3.34¢c) for the adjoint equation and
the control-gradient hold then goto S.4.. Otherwise refine the U—grid and the
Y - and V—grid (adaptively) and, if (3.2) is satisfied for the prolongated s,
then go to S.2., otherwise go to S.1..

S.4. If the refinement condition (3.84a) for the state equation holds, then go to
S.5.. Otherwise refine the Y — and V —grid (adaptively) until (3.34a) is satis-
fied. If (3.2) and (3.11) hold for the prolongated sy and g, then go to S.5..
If (3.11) is not satisfied for the prolongated gy, then go to S.2.. But if (3.2)
is also not satisfied for the prolongated sit, then go to S.1..
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S.5. If |Ch vy < €0l and ||g,’;||U; < &to1, then stop and return zf' = (y, u}) as

an approzimate solution for problem (1.1).

S.6. Compute s, 1 as inezact soulution of (3.13) satisfying (3.14).

S.7. Update the penalty parameter accordmg to subsection 3.1.4.

S.8. Compute s} ;. such that the residual v}, satisfies (3.18) and (3.19).

S.9. Compute predh(sk, Suk; Pr) using (3.17). Update the trust-region radius ac-
cording to subsection 3.1.5.
If aredy (sg; pr)/pred, (s}, Su.k; px) < M1, then reject s and go back to S.1.
with xZ and )\Z, else go to S.10..

S5.10. If (3.23) is satisfied, then accept sp and go to S.1. with x| = x}! + s and
)\Z+1 = )\Z+1. Otherwise reject s, refine the Y — and V —grid properly and go
back to S.1. with acg and )\Z.

REMARK 3.10.

1. For the convergence theory we need the Lagrange multipliers to be bounded.
As stated in the algorithm above we use the adjoint states A\ as Lagrange
multipliers in the Lagrangian function l. If the sequence of adjoint states is
not bounded one can distinct between adjoint states and (different) bounded
Lagrange multipliers.

2. Generally, if one refines reasonably, criterion (3.23) is always satisfied and,
therefore, S.10. does not need to be implemented.

4. Convergence Analysis. Let assumptions A.1-A.4 hold throughout the sec-
tion.

4.1. Auxiliary estimates. We start with several technical lemmas.
LEMMA 4.1. There exists k3 > 0 such that for all steps s} generated by the
algorithm the inequality

Isillx < msl|Chllvy
holds.

Proof. This is an immediate consequence of ||(Og]])k52k + Crllvy < |ICllv; and
the boundedness of (C’;}),:l

LEMMA 4.2. There exists Bao > 0 such that for all steps s generated by the
algorithm the inequality ||sk|| < BaAy holds.

Proof. Using [|sE|ly < Ak, ||suklly < Ay, and Ay < Apax together with the
definiton (3.16) of r}, (3.19) and the boundedness of (Cg);l(Cﬁ)k, we obtain the
desired result. O

LEMMA 4.3. There exists ¢ > 0 independent of the grid such that

| = U@, AE) + ai(si)| < AT

Proof. By the definition (3.3) of ¢; a Taylor expansion of I(z}, , A}!) and Lemma
4.2 yields the desired result. O
LEMMA 4.4. There exists ¢ > 0 independent of the grid such that

| (sk) + Gr(sup)| < AL

for qx and Gy, in (3.3), (3.6).
16



Proof. Recall that, by the definition (3.16) of r},

hy—1,.t
st = <<Cy)0k rk) + Wi k-

Using the definitions of ¢ and g in (3.3), (3.6) along with the above equality, we
find that

— qr(sk) + qr(suk) =
= (Hgsp + Lo(2}, M), Wasu k) — (La(2, M), s)
— (s, Hyst) — 5 (sk, Hisp) + 5 (Wesu b, HeWisu,k)
= (Hps? 4+ L (zl A\, Wisa e — stb)
— 5 (sk, Hisi) + 5 (Wisu k, HeWisu 1)
< (Bullsilx + Bv)Wisuk — sillx + $Baullsil|x + 3 BuBiyllsurlx-
Note that
[skllx < [k = Wiswrllx + [Wesur
<N e v llrkllve + Bwllsukllu
< Bo1 &A™ + Bwllsuallo,

| x

where we have used (3.19). Hence, we obtain by using Ay < Apax

|=qr (sk) + Gr(Su,k)] <

< (Balsilx + Bo)l(C)i 'rillx + 3Bullsillx + 3 BuBiy|lsurllb

2

< (Bullskllx + Bvi)Bo1 &0, + §Bu (chflfgﬁifp + BW||Su,k||U>
+ 5B Biy |[suxllt

< CA,1€+P

with some constant C. the proof is complete. 0
LEMMA 4.5. There exists ¢ > 0 independent of the grid such that

<gl,€l - Wl:(Qk)s(SZ)7 3u,k> + %<8u,ka ﬁksu,k> - %<Su,k7 W]:HkaSu,k> < CAlle—i_p.

Proof. This is an immediate consequence of (3.11), (3.12), Ax < Anax and the
assumptions on the boundedness. [
LEMMA 4.6. There exists ¢ > 0 independent of the grid such that

(AN, =CRy + (Cksi + CF)| < eAF.

Proof. A Taylor expansion for the constraint together with the boundedness of
the Lagrange multipliers yield the desired result. O

REMARK 4.7. For any norm || - || on a vectorspace Z and a,b,c € Z the following
inequality holds

lall® = (1ol + lell2| = |lal = lll = el - liall + el + lill]

< (lla = ol + flell) (llall + 1] + fe] )
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LEMMA 4.8. There exist ¢1,co > 0 independent of the grid such that

i (G 1R; = (ICE + (s

< prcr D PO v + prca AT

2
v +lrklv)?)| <

Proof. In view of Remark 4.7 we estimate as follows

Gt = (ICk + (sl + k]
(IR, — O — (Clyisiy
’ [||Cl?+1|
4] (B].

E

IN

lve + ||7"tk||vh*]

vy +ICE+ (Cisy 1]

v+ ||7°1tc||v,j]

First, we estimate [A] by using Taylor expansion, ¢t € [0,1], and (3.19). This yields
with Ak S Amax

[A] = IO} + (CYisk + 5C2 (@ + ts)[sk, sk] — Cp — (Ciwsy llve + |74

<N(Cksk = (Crsy kllvy + 3Bocllskllx + IIrk|

= [(Crsillv; + 3Bo2olsell’ + 17k

= |7k

Vi

Vi

*
‘/;L

vt 3Bozcllskl% + ”Tt’f”Vﬁk
S CAIICJFP’

for some C > 0. Now, we estimate [B]

ICR + (Cy)usy il

ve < ICllvy + Be, llsix

ly < ICH vy + e,
for some ¢ > 0 and by using Lemma 4.2

ICR Il = Gk + C(ak + Tsi)siellvy:

< |[|ICxllvis + Be, llskllx < ICllv; + Be, Baly,

for some 7 € [0,1]. Thus, we obtain [B] < [|C}|lv+ + ¢Ay for some ¢ > 0. The
estimates on [A] and [B] together imply

[A]-[B] < cr AL IICEly;: + A7
for some c1,cy > 0, which yields the desired result. O
LEMMA 4.9. There exist Ko, K1, Ko > 0 independent of the grid such that

laredp, (sk; pr) — predy, (s7, Su,k: pr) — rpred, (7} pr)|

4.1
(41) < KoAlchrp + pkKlA}ijCﬂ vy + pkK2Ai+p-
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Proof. Using the definitions of aredy, pred,, rpred;, qr, ¢r and my and some
simple transformations we obtain

laredp, (sk; pi) — predy, (s, suk; pr) — rpredy, (rr; pr)| =
= ‘—l($}1§+17 M)+ qr(s) — qu(sk) + dr(Suk)

+ (g1 — Wi (qr)s(s5), Suk)
+ 2 (Su,ks Hys1) — L suks Wi HyWiSu i)
+ (AN, =Cf g + (CYisi + CF)

2
= o1 (ICE I = (ICE + (s ellvy + k)|

The asserted estimate follows now from the triangle inequality together with Lemmas
4.3,4.4,4.5,4.6,4.8 and A < Apax. O

4.2. Acceptance of steps. We show now that there will always be a succesful
step on a fixed grid after finitely many iterations. Together with Remark 3.7, which
states that the refinement conditions (3.34) can always be satisfied by sufficient re-
finement, this shows that the algorithm is well defined. We start with an auxiliary
lemma.

LEMMA 4.10. Let A;, < min{5, (5||0{;||V;)ﬁ} with 0 < § < min{BZ',1}.
Then the following inequalities hold:

(i) R llv AT < CR vz 8 min{ A, |G} vz

(ii) AP < S|l min{Ag, [|CF]|v;: }-

Proof. These estimates follow quite directly from the assumptions. O

LEMMA 4.11. Let € > 0, then there exists a constant § > 0 which depends on €
but not on ||C} ||y~ such that if

”CI?”V; + llgr Ur 2 €,
then

aredy, (sk; pr)
predy, (87, Su,k; Pk)

>m

Pk

(s
for A < min {(5, max{(éHC,gHv}j) 7+ (i) }}, wn particular, the step s will be

accepted and Agy1 > Ag.
Proof. Using the triangle inequality and (3.18) we see that

laredy, (sk; pr) — predy, (S, Suk; pr) — rpredy (rhs pr)|
predy, (s}, Su,k; Pk)

aredp, (sk; pk)
predy, (s, Su.k; Pk)

IN

‘l‘ﬂo.

_1‘

By the choice of the penalty parameter and by the decrease conditions (3.14) and
(3.2), we obtain

predy, (si, suk; pr) = Kral|grllu; min {rs||97 vz, ke Ak}
+ 251 [|CF |l v min { ko || Cp v, Ag } -

Then there exists K > 0 (depending on pg) such that

pred;, (s, su.k; pr) > Kemin{e, Ay} + IN{pkHC,'jHV; min {||C,?||V;,Ak} .
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For the right hand side of inequality (4.1) from Lemma 4.9 we obtain

Ko™ + pr A 7||CF |

2 1
\% + pszAkﬂ) < Akerka,

3=

PKC

for some ¢ > 1. Now choose d; < min{(1—n;—no)Ke, e} and let A;, < min { (5—1> ,01 }

Then we obtain by using Lemma 4.9 and the previous inequalities

Ai+ppkc
[?EA;,C

<

aredp(sk; oK) 1’

+n0<1—m.
predy, (s, Su,k; Pk)

Thus, the above chosen Ay guarantees a succesful step.
Now we consider the second part of the maximum in the lemma. Choose dy <

1
min{((l_mf(_"ﬂ))p ,Bal,l} with K = % and let Bo be the bound

on the norm of the constraint. Let Ay < min{((SQHCQHV};)% ,52}, then we obtain
by using Lemma 4.10 with é = 6,

aredp, (sk; px)
predy, (s, Su,k; pk)
KoAL + p (K AL IOl + Ko A7)

KeAy, + Kpi||Cflv- min{Ay, [CP]lv+}
KoAwd5 + pr, max{K1, K2} (02 + 65)||Cp|lv- min{ Ay, |CF v, }

_1’<

<mno+

<ny+ = —
= Relr t K pulCF v min{g |-}
h h
<o+ OPK Ap + pil| Ctllv; min{Ag, [|Clv;: }
> T7/0 N
27\ Ak + pil[CPllve min{Ap, [|CF]lv-}
N

Thus, the step will be accepted. Now, we define § := min{ds, d;/c} and the proof is
complete. O

4.3. Penalty parameter. We study next the behaviour of the penalty param-
eter.

LEMMA 4.12. Under the problem assumptions, there exists a constant K > 0
independent of the iterates such that

0:(0) = ar () — (AXL, (Cy sy + Ck) = =K |ICY|

Vi

Proof. This result follows similarly as in [13, Lem. 7.3]. O
LEMMA 4.13. Let e > 0 and assume that

[terd

ve +lgrlluy > VkEN.

Then there exists p* > 0 and K € N such that p, = p* for all k > K.
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Proof. Otherwise, we obtain pp — oco. Set M := {k € N : pp > pr_1} and
consider k € M. Then (3.21) is not valid. This implies

k(0) = gr(s) — (ANE, (Co)rsy  + CF)
< (k- 1)(mk(0) - mk(su,k))

252 (IR — ICxsy s+ CP
< 0.

(4.3)

2
Vi

By Lemma 4.12, the left hand side of the above inequality is > —K|/CP|
(4.3) and (3.2) imply

v;-- Thus,

~K|Cy|

v < —Btm G

Vi mln{l@2||0£| Vs Ak}

If |C} v = 0, then min{||C}!]
a constant C, > 0 such that

v, Ag} = 0. Otherwise the previous inequality yields

Cp > pr—1 min{[|C}!|

v, Ak}

Since py — 00, this shows min{||C2| vy Ak tkem — 0. On the other hand, by Lemma
4.11 and the update rule for the trust-region radius, we obtain

W (2) 1

This yields {[|C}| v tkem — 0. Consequently, for all k € M large enough, we get
A4 vy > 5. If (3.21) does not hold, then by (4.3) and (3.14) we obtain

(4.4) Ay > apmin {5, max{(JHC’m

~K[Cillvy < —(1— K)rallgy]

v min{ks||gplos, k1AL Y.

Consequently, there exists ¢ > 0 such that c|C}|

vy = §min {3, AL}

Since {||C|lv, }keam — 0, this requires

AY < Z||ck|

v Vke M, k>kyeN.

Hence, by (4.4), we obtain

3 =

(%)

||C',’;||‘5/* > A > agmin {5, max{(5|0,?

Vh)+(pi)}}

If |CRllv; = 0, this leads to the contradiction 0 > min{d, (5/pk)%} > 0. Thus,
[CRllv;= > 0 holds, implying

2

24p

v },

which contradicts {||C}| v tkem — 0. Consequently, the sequence of penalty param-
eters {px} is bounded. Moreover, the update rule for the penalty parameter implies
that there exists p* > 0 and K € N such that pp = p* for all k > K. O
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4.4. Global convergence result. We show now global convergence to a sta-
tionary point of the infinite dimensional problem (1.1) if £,; = 0 or finite termination
if £40; > 0 respectively. We start with the following result.

THEOREM 4.14. Let the assumptions A.1., A.2., A.8. and A.4. hold. Ife;; =0
then the algorithm terminates finitely or the sequence of iterates generated by algorithm

3.9 satisfies

tim inf (|G} [lv;: + 195 lv;) = 0.

For e,5; > 0 the algorithm terminates finitely withHC{jHVi < &g and |97 Up < Etol-
Proof. Suppose not, then the algortihm runs infinitely and there exists € > 0 such
that

||Cl}cl||V,f+||gk||U; >e Vk € N.
Then, by Lemma 4.13, p; equals p* for all £ > K for some K € N. Let S be the
set of indices of accepted steps. By Lemma 4.11, there exists d > 0 such that for all
accepted steps, k € S, we obtain
(4.5)

Aj > apmin {5,max{(5||0,’§||vi)2i” , (,i)p}} > o min {5, (;)p} = A,

Moreover, for all k € S with k > K we get by the decrease conditions (3.14) and (3.2)

aredy, (sk; pi) = mpredy, (s, suxi p”)
(4.6) > ikl g lluy min{es||gy oy, koAl

i Gk |CF v min{ro||CR|ve, AL}

Let us define the infinite dimensional augmented Lagrangian function L and the infi-
nite dimensional actual reduction ared™ by

Lz, A p) := Uz, ) + p| C (@) [+
ared™ (si; pr) 1= L2}, Afs pi) — L(x) + sk, Ny1s pr) -

The condition (3.23) for reasonable refinement yields

aredp, (sx; pr) = %aredh(sk;pk) + Tlr(saredh(sk; oK)
> pareds(sii pr) + e ((ICGf)IF- = 1€ @) 17, )
~(ICERIR- = 10" EhIE,)) -

Hence, using this inequality we obtain
(4.7) ared™ (sg; p) > %aredh(sk;pk) > %nlpredh(sﬁsu’k;pk)

since we assume conform discretizations and, thus, I" (2, \#') = (2, \}) holds. Now,
by assumption, L is bounded from below. Summation of the infinite dimensional
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actual reduction in the successive steps k € S gives

> ared™(sk; pr) = Y (L@, Afs pr) — L(xf i1, Abyas o)
keS keS

=C+ Z (L@, ks p%) = L1, Nesai 0%)
Sok>K

= C+ L(a, Nigs ) — kIEEOL(IZHv)\ZH;P*) < 0.

Hence, by the summability, we obtain ared™(sx;pr) — 0 as S 3 k — oo which
implies, by (4.5), (4.6), and (4.7) that [|C}|lv + [|g¢llu; — 0. This contradicts our
assumption from the beginning of the proof. O

The following theorem states that there exists a subsequence of the iterates that
satisfies the first—order necessary optimality conditions (cf. (2.2)) of the given problem
(1.1) in the limit if e,,; = 0.

THEOREM 4.15. Let the assumptions A.1., A.2., A.3. and A.4. hold. Then for
€tor > 0 the algorithm terminates finitely and for 1oy = 0O the algorithm terminates
finitely with a stationary point of problem (1.1) or the sequence of iterates (xft, A\, )
generated by algorithm 3.9 satisfies

tim i (|1 (2, M) |y - + [l )|

oo+ leal,) =o.

Proof. Using the convergence conditions (3.34) with e, = 0 together with (3.28)
for the adjoint equation and (3.32) for the u—gradient of the Lagrangian this is an
immediate result of Theorem 4.14. O

5. Implementation.
5.1. Computation of norms.

Norms in the control space.. Let M = My, denote the matrix (mass matrix
it U = L% M = ((¢i,¢)v)i,; for the basis (¢;) of U, where (-,-)y is the inner
product in the Hilbert space U. Then functions u" € U, have the representation
u’ = Y upp; = VUyi and we may identify U, with the Hilbert space (R!,(-,-)as),
where the scalar product is given by (@, 7)) = 4! M@ and |||y = Val M is the
induced norm. Then for any u” = ¥, @ € Uy,

[u"lo = u" v, = lllas-

Furthermore, by the Riesz representation theorem the dual space U; can be identified
with Up, i.e., all functionals uj € U = U, are given by

—k

(uh, " )vz 0, = (h, "o, = (i, "o = @, D, Nugllog = luillo, = 1@,

where u} = W, a*. If, moreover, u} € U} is given by u" = ¥,,@ — ¢4 (which is
e.g. the case for the euclidean representation of the reduced gradient) then u; has
the representation uj = Uy, (M~T%) € Uy, since

(ujy, u Yo 0, = 01 = (M0, 1)

and one has

lujlluz = ll@*|ar = IM "5 0 = |0l ar-r.

In this way one can in particular compute a discrete representation and discrete norm
of gradients in U, = U, that are appropriate in the function space setting.
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Norms in state space and test function space.. If Y and V are Hilbert
spaces then the discrete norms || - |lv;, || - [y, | - [lvi, || - v can be computed
analogously as for the control space, where now My, = ((¢:,%;)y):,; for the basis
(1i) of Y3, and My, = ((¢i,%;)v )i,; for the basis (¢;) of Vj, have to be used instead
of My, . In particular, the discrete norm of the residual in the constraint ||C',2‘||Vh*
can be computed. In the case Y = H}(Q) the matrix My, is the sum of the usual
stiffness and mass matrices. Often a spectrally equivalent (independent of the mesh
size) matrix My, is used to reduce the costs for computing || - ||y, || - [y

5.2. Computation of the quasi—mormal component. The quasi-normal
component s} is an approximate solution of the trust-region subproblem (3.1) and it
is required to satisfy (3.2).

One method to guarantee (3.2) is to use scaled approximate solutions which may be
produced by the following simple procedure.

Apply an appropriate iterative solver for the linearized state equation (C;})kz" =
—CP until with a fixed v € (0,1) the stopping criterion holds

h h h
(Cy)kz"™ + Cillv: < v(CE v,

Then scale this step back into the trust-region, i.e., set

n _ tkz" _ 1 if HZ”HY S Ak,
k= ( 0 )’ where 1), = Ag/l|z"ly otherwise.

The step s} satisfies (3.2) (see Lemma 6.3.3 in [31]).
5.3. Computation of the tangential component.

5.3.1. Computation of the u—component of the tangential step. The u—

component s,, 5 of the tangential step s}, is an approximate solution of the trust-region
subproblem (3.13) that is required to satisfy the fraction of Cauchy decrease condition
(3.14).
As in section 5.1 denote by ¥}, the basis of Uy, and by M = My, the corresponding
mass matrix. Since Uj, is a Hilbert space, we may use the identification Uy = Uy,.
Then Q,’; € U = Uy, is given by (QZ, Ju, and —f],’; is the steepest descent direction
of my, in Uy at s, = 0. Tt is well known that the decrease condition (3.14) can be
ensured as long as s, provides at least a fixed fraction of the decrease provided by
the Cauchy point

g o= argmin{mg(sy) sy = —tgx,t > 0 and [[sy [l < A}

As described in section 5.1 U, can be identified via the coordinate represention U, >
u = U, @ with the Hilbert space (R!, (-, -)ar).

In practice, 7y, is given by its coordinate representation miy(8,) = Mg (Vp3,).
Then the correctly scaled steepest descent direction is given by —M =TV 3 1h,,(0) (not
by the euclidean gradient representation —Vgz, my(0)).

An approximate solution of (3.13) that satisfies (3.14) can be computed, e.g., by
using the conjugate gradient (cg) method applied to 1Mk (s,) in the space U, with
scalar product (-,-)y,, or equivalently to 774(5,) in the space (R!,(-,-)as). Here the
cg method with starting point s,, = 0 is applied to the minimization of my. The cg
method is stopped if an approximate minimum of the quadratic model my, is reached,
if negative curvature is detected, or if the iterates leave the trust-region bound. The
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first iterate in the steihaug cg method is the Cauchy-step. Note that it is essential
to apply the cg-method with the scalar product (-,-)y, in order to work with the
correct scaling and discrete norms. If Hj, can be applied exactly — which is usually
not realistic if the exact reduced Hessian I:I;€ = WpyHWy is used —, then the cg
method ensures that 1y, decreases monotonically, and (3.14) remains satisfied for all
Steihaug cg iterates. If Hy, is applied inexactly, then one has to compare the function
values My, at the first Steihaug cg iterate and at the final Steihaug cg iterate.

Another possibility to compute steps is the application of suitable Krylov solvers
to the KKT system of the tangential problem (3.4). In that case the accuracy condi-
tions for the y-component of the tangential step (3.18) and (3.19) can be integrated in
the solver. If the exact Hessian is Hy available this method in combination with pre-
conditioners as suggested in [5] leads usually to very good steps after a few iterations
on the linear system.

5.3.2. Computation of the y—component of the tangential step. We
have already shown that (3.18) and (3.19) are satisfied if s , satisfies cy ISy =

—(CMY ks + 7}, with residual

Il < min { @AY, ~o /o + mopred, 5 5wk )/ |

where 0 = H(Ch)ks;’k + Clllve + [AXElv/(2px). Note that all the quantities on
the right hand side of the above inequality are known by the time s  Deeds to be
computed. Any iterative solver for the linearized state equation can be applied until
the stopping criterion ist satisfied.

6. A Posteriori Error Estimators for Inexact States and Adjoints. In
this section we show for a general semilinear elliptic PDE how the required estimates
(3.33) of the infinite dimensional residual norm in the weak formulation of the PDE
and adjoint PDE can be implemented by using well known a posteriori error estima-
tors.

We consider the following problem

—Ay+s(y)=f inQ

(6.1) % =g only
v
y=0 onlp

where 2 C R? is an open polygonal domain with boundary Q whose boundary
edges are partitioned into a Neumann part I'y and a disjoint Dirichlet part T'p,
00 = T'y UTp, s(y) denotes a (nonlinear) operator s : Y — L2(Q), f € L*(Q),
g € L*(Tn), and By denotes the normal derivative of y with the outer unit normal
vector field v of 89

Typical examples for the control action are distributed control, i.e., u = f, and
Neumann boundary control, i.e., u = g.

We use the notation C(y) = 0 for the weak formulation of the PDE

(C(y),v)vev = (Vy, Vu)r2(0) + (5(4),v)2() — (f;v)2(0) — (9,V)L2(0n)-

Weset Y =V =HLH(Q) :={y € H(Q) : y|r, = 0} and assume that the given PDE
has a unique solution. See [21, 27] for sufficient assumptions on s(y). For example
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in the case s(y) = y3, as occuring in the following examples, the theory of maximal
monotone operators guarantees a unique solution operator (f,g) € L2(2) x L?>(T'y)
y € Y for this PDE that is locally bounded, see for example [21, 27].

We discretize the problem by using a finite element method on a regular triangu-
lation 7}, of € consisting of closed triangles T" and choose the standard finite element
space

Y, =Vii={y" €C(Q): y"|r € Pu(T), VT € Tp.},

where Py (T') denotes the space of polynomials of degree < k. Then the discretized
constraint is given by

<Ch(yh)a U}L>V,L*,Vh, = (Vyhu VUh)m(sz) + (S(Q}L)aUh)Lz(Q) - (f, Uh)L?(Q) - (gﬂ}h)L?(I‘N)-

Now let y" € Y}, be a possibly inexact solution of the finite element discretization.
We want to estimate the residual ||C(y")||v-. The desired estimate (3.33a) is then

IC™) v+ < Cin(y™) + Co||C™ (™) ||v:s

for some bounded constants Cy,Cs > 0. As we consider this general semilinear case
the results can be applied not only to the state equation but also to the corresponding
estimate (3.33b) for the adjoint equation.

We consider both averaging and residual based error estimation techniques. As
we will see these well known a posteriori error estimators can be used in our context.

Triangulation and Notation. We will use the following notation for the trian-
gulation. Let as already introduced 7; denote a triangulation of the computational
domain Q C R? consisting of closed triangles 7. Let AN denote the set of nodes
(i.e. the vertices of elements of the triangulation 7;,) and let £ denote the edges
in 7, Let &g = E\{F € £,E C 99} denote the inner edges in . We assume
that the edges can be partitioned into the Neumann edges Exy = {F € £, F C fN}
and the Dirichlet edges £p. For any node z € N we define the patch around z as
wy = Int(U{T € Ty, : z € T}). Moreover, let wr denote the patch around a triangle
T € 7;, and let wg be the union of those two triangles that share the edge E € £. Let
hz and hg be 7,— and E—piecewise constants on 2 defined by hr|r := hy := diam(T")
and hg|lgp = hg = diam(FE) for T € 7, and E € &, respectively. Finally, let
h, = diam(w,) for z € A and denote by K := A\ I'p the set of free nodes.

6.1. Averaging Error Estimators for Inexact States. Averaging techniques,
also called (gradient) recovery estimators, estimate the energy error | Vy — Vy"||2(q)
by ||¢" — Vyh||Lz(Q), where ¢" is generated from postprocessing p" := V" such that
it is a "higher order” approximation of Vy than p”. In global averaging techniques
the procedure consists in approximating the piecewise smooth discontinuous function
p" = Vy" by some globally continuous function ¢" = A(p"), which is piecewise a
polynomial of higher degree. A well known example is the ZZ-estimator of Zienkewicz
and Zhu [32] that will be discussed below.

In local averaging techniques p” = V" is locally approximated on patches w by
polynomials of higher order.

6.1.1. Averaging Error Estimator for Linear Finite Elements. Consider
the linear finite element space

Vi=Vi=Q:={y"cCQ): y"|r e PL(T), VT € Tp, ¥"|r, = 0}.
26



Let y" € Y}, and p" = Vy" be its piecewise constant gradient. Define the average
Aph = [ p"dx/|w.| € R? of p" on w,. With the nodal basis function ¢ (defined as
 continuous, piecewise linear, ¢, (2) =1 and ¢,(z) = 0 for all x € N\ {z}) define

(6.2) A(p") =) (ApM)p. € Q x Q.

zEN

Then the averaging estimator is defined by

(6.3) na(y") = [Vy" = A(VY") | L2 ()2

Notice that there is a minimal version
77M(Vyh) = ;Ielgg HVZ/h - Q||L2(Q)2 < TIA(Vyh)-

REMARK 6.1.

1. na is a reliable and efficient error estimator for the energy norm of the differ-
ence of the smooth solution y of the weak formulation of the Poisson problem
and its first order finite element approzimation y", |Vy — Vy"| 122, (cf.
[9, 5.5]).

2. Following Brenner and Carstensen in [9], na and ny; are very close and
accurate estimators in many numerical examples.

3. Note that the averaging estimator na is locally computable. Indeed, we see

that
nA(Ph) = th - Z(Azph)‘:oZHLZ(Q)
zeN
9 1/2
= Z/ plr =D (Ap")pelr| da
TeT, 2eN

Let 4" € Y}, be an inexact solution of the finite element discretization of the PDE
on the given mesh 7;,. To evaluate the residual in the variational formulation

(6.4) Cly") =aly",) = (9, ) 2w + (5(¥), ) r2(0) — (f, V2@ €V =Y,

where a(v,w) = (Vv, Vw)2(q), we consider

<C(yh),v>v*’v = (Vyh7VU)L2(Q) - (gaU)LZ(FN) + (s(y),v )L?(Q (f,v )L2(Q

with v € V, ||v||y = 1. Then taking the supremum over all such v we obtain the norm
|C(y™)||y+. Let IT denote the L?-projection onto the first-order finite element space
Vi, on  and set v" := IIv for v € V. By linearity we have

(6.5) (CWM, )y = (CWM 0= ")y + (O™

It remains to derive upper bounds for the last two summands to estimate the norm
as desired.

We begin with the estimation of the first summand of the right hand side of
equation (6.5). Here, we first consider the last two summands of (6.4) tested with
v — oM. Since v — v" is L?-orthogonal onto IIf we obtain

/Qf(v — ") de = /Q(f —1f)(v = v") da < |h7" (v = ")l 2 b7 (f = T1F) |2 0.
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Notice that [|h7(f — I1f)||2(q) = h.o.t. is of higher order. We use h.o.t. to denote
higher order terms. These are generically much smaller than an estimator 7, but this
depends on the smoothness of the given data. In general, h.o.t. may be neglected,
but in case if high oscillations they may even dominate 7.

The first-order approximation property of the L? projection,

1hz" (0 = v")l22(@) < Capprox| Vol L2(0) +

(cf. [9, 5.5]), yields

/Qf(v — ’Uh) dx < CapprOXHVUHLZ(Q) ||h7(f — Hf)HLz(Q) = h.O.t.(f)

since ||Vv|[z2(q) < |[v|ly = 1. Similarly we obtain

/QS(y)(v — ") dw < Capprox|| V0| 2(e) b7 (s(y) — Hs(y) |2 (@) = h.o.t.(s(y)).

Now we proceed to the first two summands in (6.4) tested with v —v". We follow the
analysis in [9]. Set p" := V" and let ¢ be arbitrary in Q™. Then there holds

(Vy", V(v —v")r2) — (9,0 = v")r2(ry)
= h— U—Uh i U—Uh T — ’U—Uh X).
—/Q<p OV (0 - ") d +/qu< )d /FNg< ) dS(x)

The H'-stability of the projection II yields
(6.6) V(v —TIv)||2(0) < Cstan | VY| 22(0)

for some Cstar, > 0. Thus, using the Cauchy—Schwarz inequality and (elementwise)
integration by parts together with Gauss’ theorem we obtain

(V" V(v —v")120) = (9,0 = v") 2y <
< CstabHv'UHL2(Q)||ph —qllz2) — / (v — vM)div rqda +/ (v—v")(q-n—g)dS(z)
Q 0

< Caabllp" = allzz@) + 17" (v = 110) || L2 () | hrdiv 7]l L2 (a)

—1/2 1/2
FIhg 2 (0 = 0" 2wy 1hE (@ -1 = ) L2 o) -

Note that (divp")|r = 0 for all T € 7T, since y” is piecewise linear. Therefore, the
inverse inequality

|hrdiv gl L2y = [|hrdiv (¢ = p")l L2y < Cinvllg = " |lz2ry YT €T
yields
|hrdiv 74l z2) < Cinvlla — Pl 12(0)-
Together with the approximation property of Il on the edges

—1/2 )
Ihz "2 (0 — ™| 2(r ) < Capprox| Vol z2(0)
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(cf. [9, 5.5]), we obtain
(Vyh7 V(v - Uh))m(ﬂ) —(g9,v — Uh)m(rN)
< (Cstab + Capproxcinv)‘lph - qHLZ(Q) + CapproxHhi‘/Q(q n = g)||L2(1"N) .

Hence, the estimates of the summands in (6.4) yield for v € V with ||v]|y =1

<C(l/h)7 U= Uh> < Clst qré%%{\\ph - QHL2(Q) + Hh‘ls/z(q "N Q)HLZ(FN)}
(6.7) + h.o.t.(f) + h.o.t.(s(y))
=: Costn(y", 9) + hoo.t.(f) + h.o.t.(s(y))

where 7(y", g) denotes the desired estimator. Note that the higher order terms may
be integrated in the estimator.

It remains to estimate the second summand in (6.5). The H!'-stability and the
first-order approximation property of the L?-projection II give for v € V with ||v||y =
1 and v" :=TIlv

I v, = "y < 10" = ol + ol
1/2
= (1" = 032y + 19" = 0)llz2@)) ~ +llelly

(6.8) < (n3c2

pprox

< (1 + \/h'zTngprox + Os2tab) ||UHV
< Cprojllvllv

1/2
IV0l3a@) + ChalVoliey)  + vl

with some Cproj > 0, since ||[Vv|p2(q) < |lv]|v and since hr is bounded. Hence, for
vl = 1 we obtain ||v"||y;, < Cproj and thus by using the definition of C"

(6.9) <C(yh),vh>v*,v = <Ch(yh)a”h>vhf,w < CprOjHCh(yh)|

Vi
Consequently, the estimation of the summands in (6.5) yields

(6.10)  [IC(")]

ve < Cosen(y™, g) + CprojHCh(yh)HVh* + h.o.t.(f) + h.o.t.(s(y))

with 7(y", g) from (6.7). The averaging estimator may then be calculated by (6.3)
having regard to (6.7). If the higher order terms are not neglected, they may be
integrated in the estimator-calculation.

6.1.2. Averaging Error Estimator for Higher Order Finite Elements.
For simplicity the error estimator is developed only for 2-dimensional spaces. Never-
theless the same theory is valid in three space dimensions. Only a few constants in
some proofs will change due to larger overlaps of patches in 3D.

Let d be the (local) polynomial degree of the finite elements and let Py (G) denote alge-
braic polynomials on the domain G C R?, of degree at most k. Let S = Py(7,)NC ()
be the finite element space of continuous functions on € that are 7;—elementwise
polynomials of degree at most d € N. For generality different polynomial degrees are
allowed. As in the linear finite element case {p,},cn shall denote the continuous
Tr—elementwise linear nodal basis functions.

We follow the analysis in [1] where the authors define a projection operator JJ on local
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polynomial spaces as follows.
For each fixed node z € A\ K they choose a neighboring free node ¢ € K and thereby
define a relation R on N where zRz if z € K. Then, they define

Y= > @ and Q. :=int(supp ).
CeEN CRz

They require that for each z € I, Q, is connected and ¢, # 1, implies that (992, )NI'p
has a positive surface measure. Then ({¢ € N': (Rz} : z € K) is a partition of N and
(¢, : z € K) is a partition of unity. For each z € K they define the degree (minimal
degree allowed on 2, minus one)

d(z) := max{k € Ny : Px(Q,)p. C S},

where Py (€2.) denotes the set of all polynomials on R? of total degree at most k
restricted to Q.. The set S C H'(Q) is some finite element space consisting of
functions that are 7j-elementwise polynomials and globally continuous. Moreover,
one requires that S;,(75,) == {y € S'(71,) : y|r, = 0} C S, which implies that d(z) is
well defined and larger than or equal to zero.

For g € L'(2), z € N the authors of [1] define g. € Py(.)(€2) by

/ (gz@z - ng)(& dr =0 qu S Pd(z) (Qz)7

Q.
and then they define

(6.11) Jg:=Y g:p- €SNHpH(Q).
ze

According to (cf. [1, Rem. 2.2]), Jg is well defined .
In the following we state a few results from [1] which are necessary to develop an
estimator for the residual of the given PDE (6.1) in the presence of inexact states.
PROPOSITION 6.2. There ezist (ht, he)—independent constants Csab, > 0, Capprox >
0 and C > 0 such that for all g € H(Q) and f € L*(Q)
1) the stability of J

V(g = T9l2) < Cstab||VallL2(0),
2) the approzimation properties of J
Hh;’l(g - jg)”L?(Q) < CapprOXHVQHLZ(Q)a
—1/2
th / (g - jg)||L2(1"N) < Capprox||v.g||L2(Q)7

3) and the enhanced stability of J

2
—Jg)dx < C||Vg E h? min f—?ZQ
/sz f(g ) H ||L2(Q) (zGIC sz'Pd(;)(Qz) || ||L2(QZ)

hold. The constants depend only on Q, T'p, T, the degrees d(z), z € K, and the
shapes of the elements T € Iy, and the patches €, z € K.
For a proof see [1, Thm. 2.1].
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LEMMA 6.3. Suppose S = {v"" € C(Q) : VT € T,v"|r € Pyir)(T)} for positive
integers d(T), T € Ty, and let dg, E € &, be nonnegative integers. Then there exists
a constant C > 0 such that for all u" € S and each z € K we have

min Vul — 2 <C Z min Vul — 2
4z€Pa(z)+1(22)? | qZHLZ(QZ) a pegy, 18€Pap(wr)? | qE”LQ(“’E)’

where Eq, is the set of edges E C Q. with E ¢ 09Q, and wg = UTGT’“EET T, EFeé,
is the union of those triangles (tetrahedra) that share the edge (face) E.

The constant C' depends on the degrees d(z) and dg as well as on the shapes of the
elements and patches, but not on their diameters.

For a proof see [1, Lem. 3.1].

LEMMA 6.4. Let k and dg, E € &, be nonnegative integers and let p" be a
(possibly discontinuous) piecewise polynomial on Tp, with local degrees on T € Ty, at
most k and let g™ be a piecewise polynomial on ENT § with local degrees at most k+1.
Then,

. b hy2 V2 h h 2
qhesrfgﬂnp(”p 0200 +Ihe"(9" —a V)||L2(1“N))

=C min (0" = e l3ap) + hele" — ap - vI3 )

Eeg;&v 4eE€Pa (wr)? 1p" — aelli2(y) +helld” —ae - vIizEary)

with a constant C > 0 that depends on the degrees k and dg as well as on the shapes
of the elements and patches but not on their diameters.
For a proof see [1, Lem. 3.2].

The averaging error estimator is then defined by
(6.12)

1/2
h . h 1/2 h
ne(y",g) =( ) min -~ |p _qE||%2(wE)) + 110 (g = g 2w »
Begguey 1E€Pap(wr)
qp-v=g" on ENl'yx

where g" is a piecewise polynomial on £y with local degrees at most dg. The polyno-
mial degree dg on wg is chosen accordingly to the elementwise degrees of ¢y on wg.
If problem (6.1) is a boundary control problem, then g equals the control which is
usually given in the finite element space which arises from the restriction of Y3 onto
the Neumann boundary. Then one chooses g" = g. Otherwise it is reasonable to
choose g" as suitable projection of g onto the restriction of the finite element space to
the Neumann boundary S%|p. According to [1] for g € L?(I'y) with g|z € H(E)
for all E € € there exists g" € L>=(I'y) with g"|g € Py, (E) for all E € Ey such that
the last summand is of higher order, i.e.

Ihg? (9 = 9"l < ChE 210" 9/05% 120,

for some C > 0.

Now we have the tools to estimate ||C(y")||y«. Let Y;, = Vj, = 8% for some d € N
and let y" € Y},. Let v € V with ||v]|yy = 1 and let J be the projection onto Y}, from
(6.11). Then we have

(6.13) <C’(yh),v> = <C’(yh),v—._7v>+<C(yh)7Jv>.
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We begin with the estimation of the first summand. Let @ denote the space of
gradients in L?(2)? that are continuous and 7, —elementwise polynomials with degree
at most d, Q@ = (S%)2. Set p" = Vy" and let ¢ € Q. Then we obtain

<C(3/h)7 v—Jv) :a(yh,v - Jv) = (g,v — jU)L2(FN)
+ (s(y"),v = Tv)p2@) — (fiv — Tv) 120 -

For the third and fourth summand in the latter expression (6.14) we use the enhanced
stability of J from Lemma 6.2 and get

(6.14)

2
h 2 : h 2
— Jv)dx < C||Vvl| g2 E h; m — f2ll1e
/Qs(y )(v v) dz [Vv]lL2(0) ( fZGPdiIll(wz)HS(y )= [:lIL (Q))

zEN
=h.o.t.(s(y")),

and, similarly, [, f(v — Jv)dz < h.o.t.(f).

We go on with the first two summands from equation (6.14), and see, using
the Cauchy—Schwarz inequality, integration by parts, Gauss’ theorem, the stability
property of 7, Minkowski’s theorem and the triangle inequality,

/Vth(v—Jv)da?—/ g(v—Jv)dS(x)
Q I'n

_ h _ v—Jv)dx v—Jv)dr — v—Jv T
_/Q(p Q) V( j)d+/QqV( Jv)d /Fg( Jv)dS(x)

N

< 10" — all 2y IV (0 — T0)ll 2y — / (v — Jv)div rqde
Q

—i—/aQ(v—Jv)q-udS(m) —/FN glv—Jv)dS(z)

2
< Caanllp" = allz2@) + ClIVOllL2() | D min ||hz(divz(q) — f)ll720)
zENfzepd—l(wz)

—/ (¢ v - g)w— Jv)dS(z)
I'n

2
é Cstab”ph - q||L2(Q) + C <Z min )2 ||hzd1VT(q - qz)||%2(wz)>

2eN q:€Pq(w-

1/2 —1/2
10 (@ v = @)l sz Ihe 2 (0 = T0)| L2 (0n)

2
< Cstab”ph - q||L2(Q) + C (Z ”thIVT(q - ph)Hiz(wZ))
zeN

2
b0 min hedivrGh — a)3ae |+ CoopronlhY 2@ = g)lz2ceny
ZENQZEPd(wz)

< Cstan " — dllL2(0) + 3KC||hrdiv (g — p") |12

N[

+C (30 minhedivr(" — ¢2) 32 |+ Capproxllhd 2@ v = 920y
ZGNQZEPd(Wz)Z

32



since h, < Khy, z € T € T, for some K > 0 and vol(U,epw,) < 3vol(Q). A
Tr—elementwise inverse estimate shows

[hrdiv e (p" — @)lz2¢r) < Cin P = dllr2ry VT € T,

and

[hediv 7 (p" — @)l r2(w.) < CinvllP" — €2ll12(0.) V2 EN,

for some Cj,, > 0. Hence, we obtain

a’(yhvv - j’U) - (g,v - JU)LQ(FN)
< Cstab|[P" — |l 22(0) + 3KCChny|Ip" — all 120

2

. 1/2

+ CCiny Z min ||Ph - QZ||2L2(UJZ) + Capproxth/ (q-v *Q)HLZ(FN)-
ZENQZEPd(wz)

All this together gives, using Lemma 6.3 and Lemma 6.4, and minimizing over the
arbitrarily chosen q € Q,

<C(yh>7v - jU>
< (Cotan + 3KCCiny) min IVy" = qll 2o

2
: h 2
+ CChny (Z Jin [|Vy" - q2L2(wz)>

zGqu
1/2
+ Capprox (102 (@ - v = M)l z2wn) + 1852 (6" = )l 2w))
+ h.o.t.(s(y")) + h.o.t.(u")

~ : h 2
< Cest min 5 HVy - qEHL2(wE)
Py 5 <Py (o5)
qr-v=g" on ENI'n

+ Copproxllh (8" = )|l 20y + o0t (s(y")) + hoo.t.(uh)
< Cestne(y", 9) + hoot.(s(y™)) + h.o.t.(u").

Now, we come to the second summand of (6.13). Using proposition 6.2, we obtain as
in (6.8) in the linear finite element case, with projection operator J instead of II,

170llv < (14 \/13Copprn + Cay ) ltllv < Conogllvllv
for some Cproj > 0. Thus, we get

<C(yh7uh)7 j’U> < C'proj sup <C(yha uh)’,vh> < Cproj”Ch(yhvuh)‘

H”UhHthl

Ve

Hence, the estimations of the first and second summand in (6.13) yield

(6.15) [|[Cy™M) v+ < Cestnu (¥, 9) + Coroj |CT (™))
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If the higher order terms are not neglected, they may be estimated with the following
lemma and integrated in the estimator—calculation.

LEMMA 6.5. For all z € N there exists an h,—independent constant C' > 0 such
that, if fl,, € H'(w.), d > 1, we have (D?f = (8% f)|a|=d denotes the vector of all
partial derivatives of order d)

. —f, w <Chd Dd W)
fzegfuz)”f fallr2(w.) < CREID fllr2(.)

For a proof see [1, Lem. 4.1].

6.2. Residual Based Error Estimators for Inexact States. Using the same
idea from the previous section on averaging estimates we obtain the required estima-
tion for the residual in the given semilinear elliptic PDE (6.1).

Denote by I, : L*(2) — S} (7,) the interpolation operator of Clément (cf. [30]).

REMARK 6.6. Recall the following properties of the quasi-interpolation operator
Ip: Letv € Hl(Q), let wr denote the patch around a triangle T € Ty, and let wg
denote the patch around an edge E € £. Then there exists C > 0 such that

1. Hv — Ihv||L2(T) < ChTHVUHL?(wT)

2. v = Ll 2y < Chd 11Vl L2 (op)

3. V(v = Inv)llL2(r) < ClIVllL2(0r)
Using finite overlap property 3 yields ||[V(v — Inv)||z2) < C||Vvl|2q) for some
C > 0. For a proof see [30]. Now we follow the analysis in [17, pp. 287-289] and use

the same arguments. Recall that we do not have Galerkin orthogonality since we do
not assume that y” is an exact solution of C”(y") = 0. To be able to use the same
techniques, again we devide the residual into two parts

(6.16) (C(y"), v)v- v = (C(Y"),v — Lw)ve v + (C(Y"), Inv)v- v

for v € V' and then take the supremum over all testfunctions v € V' with norm 1. We
begin with the estimation of the first summand. Observe that

(CW),v—Twhvey = > (re, v = Inv) g2y + Y (re,v — Inv) 2(m)
TeT Ee&

with the elementwise residuals r7(y) = (—Ay+s(y) — f)|r of the PDE and the jumps
re(y) = [ve - Vy|g of the (discontinuous) normal derivative of y across the edges E.
Hence, using the standard arguments we obtain for v € V' with ||jv[jy =1

<C(y),’U - IhU>V*,V < Cestﬁ(?/)
where
()= > nr(y) and n3@y) = h2llrrW) e + 3 D hellre@) 72 -
TeT EeT

It remains to estimate the second summand in (6.16). Using the properties from
Remark 6.6 of the Clément interpolation operator we see that

ol < 1w — vl + llollyv
= (ITnv = vlZag0y + IV (Inv = 0)[22gy) > + llollv
< (CRVulRaq) + O ToIRa@) " + ol
< CprOjHU”V = Cproj
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for v € V with ||v|]|y = 1. Consequently, we obtain

ICW)Ilv+ < Cestn(y) + CorollC" (W)[lvr -
7. Numerical Results.

7.1. A Distributed Optimal Control Problem.

PROBLEM 7.1. We consider the following problem

: 1 2 a 2
min u) = sy — + 2w
Ve HL () e L2(9) fy,u) 2lly yd||L2(Q) oAl ||L2(Q)
s.t. —Ay+y=u n Q,

y=20 on 0f,

where Q@ C R? is a polygonal domain, yq € HL(Q) and o > 0.

The cost function and the constraint operator in the weak formulation are twice
continuously Fréchet differentiable. These functions and their derivatives are bounded
on a bounded subset D C Y x U. Moreover, the theory of maximal monotone op-
erators guarantees that there exists a unique solution operator for this PDE that is
uniformly bounded. Hence, the required assumptions for algorithm 3.9 are satisfied.
It is furthermore well known that this optimization problem has a solution.

7.1.1. Estimators for the convergence conditions. We are in the situation
to use error estimators as in section 6 for the infinite dimensional norm of the residual
in the PDE constraint.

The Lagrangian function is given by

Uy, u, A) = 5lly = yall2) + § lull2) + A O, w) a0y, -1(0) -

Thus, the u-gradient of the Lagrangian reads l,(y,u, A\) = (au — X, -)2(q). Hence,
the norm of the u—gradient of the Lagrangian is easy to evaluate following Riesz
representation theorem: ||, (y,u, \)||z2()« = [lau — Al|12(q). Thus, the convergence
condition on the u—gradient of the Lagrangian (3.31) is always satisfied since we
calculate exact L?-norms for a given discrete control u" and discrete adjoint state A".
The y—gradient of the Lagrangian I(y,u, \) is given by

ly(y,u, lambda) = (y — ya, ) r2(0) + a(X,-) + BAY®, ) r2(q)-

Again, the residual in the adjoint equation can be estimated with the techniques from
section 6.

7.1.2. Numerical Results for the Distributed Optimal Control Prob-
lem. For the testproblem 7.1 we used the following configuration: 2 = L-shaped
domain, « = le — 4, y3 = 1. We used preconditioned Krylov solvers as iterative
solvers with incomplete Cholesky factorizations in the preconditioner on the KKT-
system of the tangential step and in the quasi-normal step. We calculated both with
linear finite elements and the averaging ZZ-estimator and with quadratic finite ele-
ments and the averaging estimator proposed by Bartels and Carstensen. We show
the results for quadratic finite elements and the averaging estimator of Bartels and
Carstensen.

In figure 7.1 we see a table of error estimators with the iteration number in the
first column, the error estimator for the constraint in the second column, the error
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estimator for the adjoint state in the third column, the norm of the inexact reduced
gradient in the fourth column, the degrees of freedom in the fifth column and the
degrees of freedom one would need to achieve the same accuracy on uniformly refined
meshes in the sixth column.

It. | nen(@k) | no,.n(Ae + AX) | [|gellu- | DOF | Uniform DOF
1 3.2e-1 1.8e-2 5.6e-2 161 161

2 2.2e-1 8.7e-3 5.1e-2 325 705
3 2.1e-1 9.6e-3 3.4e-2 523 705
4 1.3e-1 3.0e-3 1.6e-2 927 2945
5 1.5e-1 2.2e-3 2.1e-3 927 2945
6 1.2e-1 1.8e-3 1.7e-3 1399 2945
7 6.7e-2 1.1e-3 1.2e-3 2459 12033
8 6.5e-2 1.0e-3 1.4e-4 2459 12033
9 4.8e-2 7.2e-4 2.5e-3 3834 48641
10 2.7e-2 4.7e-4 2.4e-3 7848 195585
11 1.7e-2 2.4e-4 1.9e-4 | 12230

12 1.7e-2 2.8e-4 1.1e-3 | 12230

13 1.6e-2 2.4e-4 2.4e-5 | 12230

Fic. 7.1. Table of error estimators

The same accuracy on uniform meshes would here require more than 20 times the
degrees of freedom on our adaptively refined meshes.

In figure 7.2 we see the last grid produced by the multilevel SQP algorithm as
well as the optimal control and the optimal state.

F1G. 7.2. Last (9th) grid, optimal control, optimal state

7.2. A Boundary Control Problem. PROBLEM 7.2. We consider the follow-
ing problem taken from [2].
i 1 2 2
e @i iaqrey! W) = 2l = vallaoy + §llizrey
s.t. “Ay+yP—y=1 in £,
Oy =0 on 00\ T'¢q,
Oy =u on I'c.

where o = le — 4, yq = 1, 0, denotes the normal derivative, Q0 = is a T-shaped

domain, T'¢ bottom boundary of T, T'o upper boundary of T, i.e. T = int([1/4,3/4] x

[0,1/2] U [0,1] x [1/2,3/4]), To = [0,1] x {3/4}, T = [1/4,3/4] x {0}.  Again

we used preconditioned Krylov solvers as iterative solvers with incomplete Cholesky
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factorizations in the preconditioner on the KKT-system of the tangential step and in
the quasi-normal step. We calculated with quadratic finite elements and the averaging
estimator from Bartels and Carstensen.

In figure 7.3 we see a table of error estimators with the iteration number in the
first column, the error estimator for the constraint in the second column, the error
estimator for the adjoint state in the third column, the norm of the inexact reduced
gradient in the fourth column and the degrees of freedom in the fifth column.

It. | new(@n) | mo,w(Ae + AXe) | [|gkllu- | DOF
1| 27e3 2.4e-3 342 | 569
2 | 8.0e3 8.4e-5 2.1e-3 | 569
3 9.6e-3 7.9e-4 6.0e-2 569
4 | 84e3 3.9¢-4 342 | 569
5 5.3e-3 8.4e-5 6.1e-5 700
6 | 3.4e3 6.9¢-5 8.5e5 | 934
7 2.3e-3 6.3e-5 3.6e-5 1235
8 | 1.5e3 5.9¢-5 3.6c-5 | 1755
9 1.1e-3 5.7e-5 8.2e-5 2596
10 | 7.6e-4 5.1¢-5 34e5 | 4353
11| 7.6e-4 5.1e-5 5.8¢-5 | 4353
12 | 5.3ed 11e5 1.9¢-5 | 7193
13| 5.3¢4 41e-5 1.8¢-5 | 7193
14 3.7e-4 3.8e-5 1.8e-5 | 11965

Fic. 7.3. Table of error estimators

In figure 7.4 we see the last grid produced by the multilevel SQP algorithm as
well as the optimal control and the optimal state.

Fia. 7.4. Last (8th) grid, optimal control, optimal state
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